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============

Goodstein's principle \[[@CR6]\] is arguably the oldest example of a purely number-theoretic statement known to be independent of $\documentclass[12pt]{minimal}
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Goodstein's original principle involves the termination of certain sequences of numbers. Say that *m* is in *nested (exponential) base-k normal form* if it is written in standard exponential base *k*, with each exponent written in turn in base *k*. Thus for example, 20 would become $\documentclass[12pt]{minimal}
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By coding finite Goodstein sequences as natural numbers in a standard way, Goodstein's principle can be formalized in the language of arithmetic, but this formalized statement is unprovable in $\documentclass[12pt]{minimal}
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Exponential notation is not suitable for writing very big numbers (e.g. Graham's number \[[@CR7]\]), in which case it may be convenient to use systems of notation which employ faster-growing functions. In \[[@CR2]\], T. Arai, S. Wainer and the authors have shown that the Ackermann function may be used to write natural numbers, giving rise to a new Goodstein process which is independent of the theory $\documentclass[12pt]{minimal}
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Basic Definitions {#Sec2}
=================
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Lemma 1 {#FPar2}
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By rewriting iteratively *b* and *n* in such a normal form, we arrive at the Ackermann *k*-normal form of *c*. If we also rewrite *a* iteratively, we arrive at the nested Ackermann *k*-normal form of *c*. The following properties of normal forms are not hard to prove from the definitions.
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With this, we may define a new Goodstein process, based on unnested Ackermannian normal forms.

Definition 3 {#FPar5}
------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell <\omega $$\end{document}$. Put $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_0(\ell ):=\ell .$$\end{document}$ Assume recursively that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_k(\ell )$$\end{document}$ is defined and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_k(\ell )>0$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{k+1}(\ell )=b_k(\ell )[k+2{{\leftarrow }} k+3]-1$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_k(\ell )=0$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{k+1}(\ell ):=0$$\end{document}$.
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-----
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Thus, the base-change operation is monotone. Next we see that it also preserves normal forms.

Lemma 4 {#FPar8}
-------
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-----
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These Ackermannian normal forms give rise to a new Goodstein process. In order to prove that this process is terminating, we must assign ordinals to natural numbers, in such a way that the process gives rise to a decreasing (hence finite) sequence. For each *k*, we define a function $\documentclass[12pt]{minimal}
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Definition 4 {#FPar10}
------------
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Lemma 5 {#FPar11}
-------
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Proof {#FPar12}
-----

Proof by induction on *d* with subsidiary induction on *c*. The assertion is clear if $\documentclass[12pt]{minimal}
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Our ordinal assignment is invariant under base change, in the following sense.

Lemma 6 {#FPar13}
-------
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-----
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Theorem 1 {#FPar15}
---------
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Proof {#FPar16}
-----
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Definition 1 {#FPar17}
------------
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Proposition 1 {#FPar18}
-------------
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Proof {#FPar19}
-----
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This system of fundamental sequences enjoys the Bachmann property \[[@CR11]\].

In view of Proposition [1](#FPar18){ref-type="sec"}, the following technical lemma will be crucial for proving our main independence result for $\documentclass[12pt]{minimal}
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Lemma 7 {#FPar20}
-------
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Proof {#FPar21}
-----

We prove the claim by induction on *c*. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \psi _{k+1}&(c[k{{\leftarrow }} k+1]-1)= \omega ^{\varepsilon _a+\psi _{k+1}(b[k{{\leftarrow }} k+1])}\cdot m + \psi _{k+1}(n[k{{\leftarrow }} k+1]-1)\\&\ge \omega ^{\varepsilon _a+\psi _k(b)}\cdot m +(\psi _k(n))[k] = (\omega ^{\varepsilon _a+\psi _k(b)}\cdot m +\psi _k(n))[k]\\&= (\psi _k( A_a(k,b)\cdot m + n))[k] = (\psi _kc)[k]. \end{aligned}$$\end{document}$$[Case 2]{.smallcaps}   ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m>1$$\end{document}$). Then the induction hypothesis and Lemma [5](#FPar11){ref-type="sec"} yield $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\psi _{k+1}(c[k{{\leftarrow }} k+1]-1)\\&= \psi _{k+1}(A_a(k+1,b[k{{\leftarrow }} k+1]) \cdot (m-1) + \psi _{k+1}(A_a(k+1,b[k{{\leftarrow }} k+1])-1)\\&\ge \psi _k( A_a(k,b)\cdot (m-1)) + (\psi _k(A_a(k,b)))[k] = (\psi _k( A_a(k,b)\cdot m))[k]= (\psi _kc)[k]. \end{aligned}$$\end{document}$$[Case 3]{.smallcaps}  ($\documentclass[12pt]{minimal}
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Theorem 2 {#FPar22}
---------
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Proof {#FPar23}
-----
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In this section, we indicate how to extend our approach to a situation where the base change operation can also be applied to the first argument of the Ackermann function. The resulting Goodstein principle will then be independent of $\documentclass[12pt]{minimal}
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Definition 5 {#FPar24}
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Definition 6 {#FPar25}
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Termination and independence results can then be obtained following the same general strategy as before. We begin with the following lemmas, whose proofs are similar to those for their analogues in Sect. [3](#Sec3){ref-type="sec"}.
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Definition 7 {#FPar28}
------------
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As was the case for the mappings $\documentclass[12pt]{minimal}
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Lemma 10 {#FPar29}
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Theorem 3 {#FPar30}
---------
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Lemma 11 {#FPar31}
--------
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Proof {#FPar32}
-----
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The remaining details of the proof of the theorem can be carried out similarly as before.

Theorem 4 {#FPar33}
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